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A model of a quantum measurement process is presented: a system consisting of a qubit in a superposition
interacts with a measuring apparatus consisting of a N qubit state. Looking at the emerging, effective description
of the apparatus given by the action of a coarse graining channel, we have been able to recover information
about the superposition coefficients of the system. We have also been able to visualize the death of quantum
correlations between system and apparatus and the death of quantum coherences in the apparatus’ effective state,
in the limit of a strong coarse graining action. A situation akin to decoherence, although it is not necessary to
evoke any interaction with the surrounding environment.
PACS numbers: 03.65.Ta, 03.67.-a, 03.65.Yz
I. INTRODUCTION
Currently, nature’s best description is given by quan-
tum mechanics. According to quantum theory, to every
system we assign a quantum state ψ , and its evolution is
dictated by Schrödinger’s equation [1]. As Schrödinger
himself realized, if we take this postulate to our macro-
scopic and everyday world, we quickly run into paradox-
ical situations – for example the possibility of an alive-
and-dead cat [2]. Not only we do not observe quantum
effects on macroscopic systems, but also we do not em-
ploy the full quantum description for such systems. In
fact, our everyday life experiences heavily rely on effec-
tive (macroscopic) descriptions which are far less com-
plex than their underlying quantum characterization.
The quantum-classical transition then requires two
things to happen: first, that quantum features, like su-
perposition and entanglement, must fade away; second,
that an effective description of the macroscopic system
must emerge from its quantum description. These is-
sues become more prominent in a measuring process of
a quantum system [3–5]. In such a situation, we inter-
act a system, for instance a single atom, whose descrip-
tion is given by quantum mechanics, with a macroscopic
measuring apparatus, for which a classical description is
more suitable. The two realms, quantum and classical,
meet in such situation. Much like in the Schrödinger’s
cat scenario, we do not expect to observe an entangled
state between the atom and the macroscopic description
of the apparatus. Also, for the measuring apparatus to be
of any use, we should observe the apparatus’ pointer in a
well defined position, and not on a superposition of pos-
sible classical values. That amounts for the apparatus to
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be described by its effective classical description. How
are these traits obtained if we depart from a fully quan-
tum description? In other words, how do we reconcile
our classical description of the measuring process with
the fact that intrinsically both the system being measured
and the measuring apparatus are mostly well described
by quantum theory?
Traditionally, these questions are addressed by the for-
malism of decoherence [6–8], which appeals to the un-
avoidable interaction between system+apparatus and the
environment to explain the diminishing of quantum fea-
tures. Nevertheless, this approach only cares for local
observables and does not explain how the effective de-
scription of the apparatus emerges from its quantum me-
chanics many-body state. Without that, quantum proper-
ties of the apparatus could still be observed.
The fact that a large quantum system might still have
pronounced quantum features, if one has access to all its
degrees of freedom, is nicely shown in references [9, 10].
In [9] the authors show that a large spin length still be-
haves in a quantum way if one can measure all the pos-
sible values of the spin, say, in the z-direction. It is only
when the measurement outcomes are coarse-grained, i.e.,
when one cannot resolve nearby outcomes and integrate
their signal, that a classical description is obtained. The
approach devised in [9, 10], however, is not dynamical,
in the sense that it applies a coarse graining procedure
directly on the measurement outcomes. Inspired by such
results, in [11] the authors developed a framework that
applies a coarse graining procedure directly on the many-
body system. In this way they can obtain both the effec-
tive description of the system and its effective dynamics.
The framework then combines the dynamical aspects of
the decoherence approach with the coarse graining ideas
of [9, 10].
The aim of the present article is thus to use the devel-
oped tools in [11] to analyze the effective dynamics of a
quantum measurement process. In this way we hope to
shed some light on one of the most intriguing points of
the quantum formalism, the quantummeasurement prob-
lem [12].
Our article is organized as follows: we begin by ex-
plaining more rigorously the measurement process con-
sidered here and describing the coarse graining channel
used, as well as its motivation. With the measurement
scenario clear, we discuss: in section III how we can
extract information about the populations of the density
matrix of the system looking at the apparatus; in sec-
tion IV the system-apparatus entanglement evolution in
time (by evaluating the negativity) and the behavior of
the quantum coherences of the reduced effective density
matrix of the apparatus; and how these features changes
when we make the coarse graining action stronger. In
section V we present our conclusions.
II. MODELING A QUANTUM MEASUREMENT
PROCESS
The global situation of the measurement process here
modeled is similar to what is found in reference [13]: a
system to be measured consisting of a qubit initially in a
superposition c0 |0〉+c1 |1〉, c0 and c1 ∈C, |c0|2+ |c1|2 =
1, and an apparatus consisting of N >> 1 qubits in-
teract. The interaction Hamiltonian is such that it in-
duces a conditioned rotation: depending on the state of
the qubit-system the apparatus will rotate in one or the
other direction in the spin coherent states space. Thus,
information about c0 and c1 will be imprinted in the
measuring device. Information which we recover mea-
suring magnetization on the apparatus’ effective state
ρNt , obtained via the action of a coarse graining channel
ΛCG :L (H2N )→L (H3) (L (Hi) is the space of linear
operators acting on the Hilbert space Hi), which reduces
the dimension of the apparatus’ Hilbert space. At the end
of the process, we will have three possible outcomes in
our measurement scenario, corresponding to three possi-
ble magnetization values: 1,0 and −1.
Specifically, the state of the qubit-system is given by
|ψ0〉 = c0 |0〉+ c1 |1〉, and |Ψ〉 =√p |0〉+
√
1− peiφ |1〉
is the state of each one of the N apparatus’ constituents
– eiφ a phase and p ∈ [0,1]. The total initial state is then
given by
|χ0〉= |ψ0〉S⊗|Ψ〉NA = |ψ0〉S⊗
{ |Ψ〉⊗ ...⊗|Ψ〉}
A
. (1)
The measuring device is initially in a product state,
meaning that neither classical nor quantum correlations
are present. In fact, neither between the apparatus’ con-
stituents nor between system to be measured and appa-
ratus. The initial total system+apparatus density matrix,
before any interaction, is given by the separable state
|χ0〉〈χ0|=
{|c0|2|0〉〈0|+ c0c∗1|0〉〈1|
+ c1c
∗
0|1〉〈0|+ |c1|2|1〉〈1|
}⊗|ΨN〉〈ΨN |. (2)
The main motivation for such configuration came from
systems of nuclear magnetic resonance (NMR), where
the nuclear atomic spins play the role of qubits and mea-
sures of magnetization and magnetic fields are of great
importance [14].
The interaction Hamiltonian, chosen by H = h¯ ω
N
σz⊗
~Jx, is the responsible for generating entanglement be-
tween the parts. ~Jx is the vector sum of each individ-
ual angular momentum operator in the x-direction ~Jxi,
namely ~Jx = ~Jx1+ ~Jx2+ ...+ ~JxN, and ω the coupling con-
stant, the angular frequency of the rotation induced by
the angular momentum operator around the x-axis.
The evolution will induce rotations in each appara-
tus’ constituent, counterclockwise (+θ ) and clockwise
(−θ ) directions, conditioned to the system’s qubit states
|0〉 and |1〉 (σz |0〉= +1 |0〉 and σz |1〉=−1 |1〉), respec-
tively:
|χt〉〈χt |=Ut,0 |χ0〉〈χ0|U†t,0 = e−i
ω t
N σz⊗~Jx |χ0〉〈χ0|ei
ω t
N σz⊗~Jx ,
(3)
since e−i
ω t
N
~Jx = Rθ ,x and θ ≡ ωtN . In equation 3 we have a
system+apparatus entangled state representing a rotation
of θ or −θ (around the x-axis) in the apparatus’ con-
stituents conditioned to the eigenvalue +1 or −1 of the
operator σz acting on the system’s state.
To measure the system means to recover information
about c0 and c1 looking at the measuring apparatus. Just
as we are considering in our modeling the system in-
accessible, we also do not have access to the measur-
ing device in all its details, but via an effective descrip-
tion. Mathematically, this effective description will be
provided by a coarse graining channel ΛCG. The con-
cept of coarse graining is the key aspect of this article.
This is one way we translate mathematically the inca-
pacity or the desire not to access completely the degrees
of freedom of a given system. Or even intrinsic measure-
ment errors. The decrease in the Hilbert space dimension
represents the loss of partial information. However, the
coarse graining operation is more general than simply
tracing out some degrees of freedom of a given system
[11].
Notice that the output dimension of the coarse graining
channel is 3, which means that when measuring magne-
tization of the effective state of the apparatus (after the
coarse graining action) in the z-direction three outcomes
will be possible: 1, 0 and −1. Therefore, there will be
some probability of finding 1,0 or −1 in the apparatus’
display after a time t of interaction, probabilities which
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will be related to the absolute values of c0 and c1. The
analysis of such probabilities gives us intuition to con-
struct ΛCG.
A. Constructing the coarse graining channel ΛCG
The apparatus’ total magnetization is given by the sum
Mz = ∑
N
i=1 σz i, where we are summing on all the N con-
stituents. This would be the case if we had access to
each one of the N qubits. However, we are considering
the case in which we don’t have such resolution. Inspired
by the work done in [15], we decided to model this lack
of resolution through a division in bins.
Our coarse description will be such that: if more than
or 2
3
of the N apparatus’ constituents are in the state |0〉,
the measuring device will show in the display magnetiza-
tion +1; if less than or N
3
are in the state |0〉, it will show
magnetization -1; if in the interval (N
3
, 2N
3
), the apparatus
will show magnetization 0. With this division in three
bins, or regions [0,N
3
], (N
3
, 2N
3
) and [ 2N
3
,N], projectors
on different magnetization subspaces are being grouped
and perceived as an effective one depending on the re-
gion that contains it. In other words, rather than perceiv-
ing changes in total magnetization with the resolution of
one qubit, only changes involving N
3
qubits are percep-
tible by the measuring device. In this context, the prob-
ability of obtaining magnetization i will be represented
by Pr(ZNi |ΨNt ), with ΨNt = TrS(|χt〉〈χt |) ∈ L (H2N ) the
evolved reduced density matrix of the apparatus and ZNi
the sum of projectors on subspaces of the same total mag-
netization i (for i = 1, see 4) as perceived by the not
so good apparatus, representing sums of the POVM el-
ements of the total magnetization on the z-direction and
its permutations. For example, for i = 1,
ZN1 =
N
∑
l= 2N3
∑
σ
Πσ |0102..0l11..1N−l〉〈0102..0l11..1N−l |Π†σ .
(4)
As suggested by equation 4, the application of the
coarse graining channel in the computational basis ele-
ments of a state of N qubits, with Πσ the permutation
operator, will be given by:
ΛCG(Πσ |01..0l11..1N−l〉〈01..0l11..1N−l |Π†σ ′ )
=
{ |1〉〈1|, if l ∈ [ 2N
3
,N] ∀σ = σ ′ ;
|0〉〈0|, if l ∈ (N
3
, 2N
3
) ∀σ = σ ′ ;
|− 1〉〈−1|, if l ∈ [0, N
3
] ∀σ = σ ′ ;
(5)
and 0 ∀σ 6= σ ′ . The states |1〉〈1|, |0〉〈0| and | − 1〉〈−1|
represent the diagonal elements, from top to bottom, in
our effective description ∈ L (H3). They are directly
related with the magnetization outcomes 1, 0 and−1, re-
spectively. The action of the channel on the elements
Πσ |0102..0l11..1N−l〉〈0102..0l11..1N−l |Π†σ ′ is 0 by the
fact that our coarse description does not distinguish be-
tween Πσ |0102..0l11..1N−l〉 and Πσ ′ |0102..0l11..1N−l〉,
two elements with the same number of 0’s and 1’s ex-
changed in a different way. Therefore, there can be no
coherence between them.
In order to study the behavior of quantum coherences,
we need to define the coarse graining channel action in
the rest of the computational basis elements, the off-
diagonal ones.
Consistently, for the coherence terms we define
ΛCG(Πσ |0102..0l1112..1N−l〉〈0102..0l′1112..1N−l′ |Π†σ ′ ),
l 6= l′, equal to:
n1(N) |− 1〉〈1|, if l ∈ [0, N
3
] and l
′ ∈ [2N
3
,N];
n2(N) |− 1〉〈0|, if l ∈ [0, N
3
] and l
′ ∈ (N
3
,
2N
3
);
n3(N) |1〉〈0|, if l ∈ [2N
3
,N] and l
′ ∈ (N
3
,
2N
3
);
0, if l and l
′ ∈ [2N
3
,N], or ∈ [0, N
3
], or ∈ (N
3
,
2N
3
).
(6)
The normalization factors ni(N) are given in the Ap-
pendix’s first part (expression A1) and accounts for the
number of elements in the computational basis that cor-
responds to the same effective element after the coarse
graining action. Constructed the channel ΛCG, whose
complete positivity is shown in the Appendix’s second
part, we are now able to write the full effective state for
the apparatus, ρNt = TrS[(1⊗ΛCG)(|χt〉〈χt |)] ∈ L (H3)
– given in the Appendix’s third part, expression A13.
III. MEASURING THE SYSTEM LOOKING AT THE
APPARATUS’ MAGNETIZATION
Defined the coarse graining channel and the measure-
ment process considered, it is time to analyze its effects.
Starting by looking at the probabilities Pri(t) of measur-
ing magnetization i = 1,0,−1 in the effective state ρNt ,
given by its populations. First, we should look at Pri(0),
just before the system+apparatus interaction. In other
words, immediately after switching on the apparatus –
t = 0.
Figure 1 (a) shows the probability of finding magne-
tization outcome 0 in the apparatus display, before the
interaction, as function of the superposition coefficient
p for the initial states of the apparatus’ constituents, for
three increasing values of the number of constituents N.
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FIG. 1. Probabilities of measuring magnetization: (a) 0, as a function of the apparatus’ constituents superposition coefficient p
before the interaction for three values of the number of apparatus constituents N. For large N and p around 0.5, the measuring
device shows 0 with probability 1; (b) as a function of time for N = 50 and system’s state superposition coefficient c0 =
1√
3
. The
probabilities values for the plateaus are proportional to |c0|2 (Pr1(t)) and |c1|2 (Pr−1(t)); (c) as a function of time for N = 500 and
system’s state superposition coefficient c0 =
1√
2
. The probabilities values for the plateaus are proportional to |c0|2.
Notice that, for large values of N, with the purpose of
measuring magnetization in the z-axis, if we choose p
around 0.5 the apparatus will show 0 in the display. The
probabilities of showing 1 or −1 are zero. In fact, when
turning on the measurement apparatus and before cou-
pling it to the system, it is expected to show magneti-
zation 0. This result approaches our model to the real
daily in the lab. The condition of a huge number of con-
stituents is important to approach the situation with an
apparatus with size that we are familiar with in daily-life.
The graph shown in figure 1 (a) suggest the choice
of p = 0.5. For simplicity, we have also chosen φ = pi
2
and ω = 1. In figures 1 (b) and 1 (c) are depicted plots
of probabilities of obtaining outcome 1,0 and −1 versus
time for N = 50 and N = 500, respectively. For times
greater than zero, the probabilities oscillate periodically,
reaching local maximum whose values are given by |c0|2
(Pr1(t)) and |c1|2 (Pr−1(t)). Note that the oscillatory na-
ture of the probabilities was expected, since the rotations
to which the apparatus’ constituents are subjected occur
continuously.
The measurement of magnetization of the apparatus’
effective state is with respect to the z-axis, with each of
its N constituents rotating over the x-axis from the initial
state |Ψ〉= 1√
2
|0〉+ i√
2
|1〉; the θ angle grows positively
in the counterclockwise direction. Considering the Bloch
sphere for each constituent, it is initially in a plane which
is perpendicular to the z-axis – consider as “the equator”.
That is the reason for the apparatus to initially measure
0. In fact, the probability of measuring 0 is maximum
when the constituents are close to the equator’s plane in
the Bloch sphere – θ a multiple integer of pi . As the inter-
action occurs, the apparatus remains in a superposition of
rotating in two directions. The best moments to acquire
information about the system being when the apparatus
is close to the poles, aligned with the z-axis.
In the case of large values of N, interesting processes
occur. First, the plateaus that are seen in the graphs 1
(b) and 1 (c) increase, meaning that for more and more
time we have a well defined resulting outcome. I.e., the
temporal region in which we can best acquire informa-
tion about the system increase. Second, for large values
of N (N >> 1), the time required to go through a period
will be infinite, since θ = ωt
N
. In practice, in the limit
N → ∞ there will be no more oscillation. Thus, having
waited for the time necessary to reach the plateau, the
observer can look at the display in any time, being able
to gain information about the system’s initial state via c0
and c1. Again, our model approaches the daily-life situ-
ation.
IV. DECAY OF QUANTUMNESS
So far we have described a quantummeasurement pro-
cess in which by looking at an effective description of the
measurement apparatus we recover information about a
target system. With the help of figure 1 we have studied
the behavior of the probabilities and how to recover the
superposition coefficients c0 and c1 of the target system.
It is known that for an experimentalist who observes
a classical (effective) description of an apparatus there
is no quantum correlations between system and appa-
ratus. In our model, therefore, we expect that in the
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limit of a huge number of constituents, or, in other
words, in the limit of a strong coarse graining channel
action, we can visualize the death of entanglement be-
tween system and apparatus. In order to visualize such
effect, we numerically computed the bipartite Negativ-
ityN ((1⊗ΛCG)(|χt〉〈χt |)) – a measure of entanglement
given by N (ρ) = Tr
√
(ρΓ)†ρΓ−1, Γ indicating partial
transposition – for increasing values of N.
We managed to see the death of entanglement as the
number of apparatus’ constituentsN grows, which means
that the description is becoming more coarse. We exem-
plify this phenomenon in figure 2, with N from 4 to 50
for the two cases already considered in the article, (a)
c0 =
1√
2
and (b) c0 =
1√
3
. We should stress that due to
numerical fluctuations near θ = 0 and θ = npi , n odd, the
negativity value for N = 4 has a small difference to zero.
However, the most important in figure 2 is to observe that
the negativity shows oscillatory and descending behavior
with the increase in the apparatus’ constituents number,
becoming closer to zero as N → ∞. Notice that we per-
ceive the death of quantum correlations without evoking
any interaction with the surrounding environment, but by
the inability to completely resolve the internal degrees of
freedom of the total system.
Initially, target system and apparatus’ effective state
are almost not entangled. The evolution, characterized
by a conditioned rotation, is the responsible for creating
entanglement between the parts. After a rotation in the
apparatus’ state by an angle pi
2
, which represents an inter-
action time t = Npi
2ω , the two possible states for the target
system, that make up systems’ superposition, are com-
pletely aligned with the z-axis. We have then a separable
state. This is the best moment to measure apparatus mag-
netization and gather information about c0 and c1. Then
the cycle starts over.
We were able to visualize the decay of quantum corre-
lations between system and apparatus, but it would also
be very interesting if the reduced effective density matrix
of the apparatus ρNt – given in Appendix’s third part –
lost the off-diagonal terms in the limit of a strong coarse
graining action. We would then have a density matrix
representing a statistical mixture of possible states, only
with the diagonal terms different from zero, correspond-
ing to magnetization 1, 0 and −1. In fact, it happens in
our model. To exemplify, the graphs with the behavior of
the coherences in the effective reduced state of the appa-
ratus ρNt for c0 =
1√
2
are shown in figure 3.
V. CONCLUSIONS
We presented a model of a quantummeasurement pro-
cess in which the target system is a two level system
FIG. 2. Negativity for the total system+apparatus’ effective
state for increasing values of N. To increase the value of N
means also to increase the coarse graining action, resulting in a
decrease in quantum correlations between system and measur-
ing apparatus. The θ angle is in radians, p = 0.5, φ = pi2 and
(a) c0 = c1 =
1√
2
and (b) c0 =
1√
3
.
and the measuring device composed by N two level sys-
tems. One of the goals achieved was to recover informa-
tion about the coefficients c0 and c1 of the system. For
such, the system+apparatus dynamics corresponded to a
rotation in the apparatus conditioned to the system’s state
|0〉 and |1〉. Using the constructed coarse graining chan-
nel allowed us to model a digital measurement scenario
with three outcomes, representing magnetization posi-
tive, negative and zero. An interesting fact is that the
outcome zero appears when we turn on the measuring
device, in the limit of a large apparatus. This is a situa-
tion closer to everyday life in the lab. We also visualize:
the death of quantum correlations between system and
apparatus; the death of quantum coherences in the appa-
ratus’ reduced effective state the coarser the description.
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FIG. 3. Decay of the absolute value of quantum coherences in the apparatus’ reduced effective state. Each graph corresponds to
one coefficient of the matrix representing the effective reduced state of the apparatus ρNt . The greater the number N of the apparatus
constituents, the lower the absolute values of the coherences. The θ angle is in radians, p = 0.5, φ = pi2 and c0 =
1√
2
.
In particular, for large N the effective state ρNt can be
seen as a statistical mixture of possibilities.
This is one of the main results obtained by the for-
malism of decoherence. We get the same using a math-
ematical formalism which is more general, since apply-
ing a coarse graining channel doesn’t just mean a par-
tial trace [11]. It wasn’t necessary either to evoke de-
grees of freedom external to system+apparatus, for in-
stance any interaction with the surrounding environment.
In Schrödinger’s cat context, the cat can be perceived as
a pretty rough description of the apparatus and the poi-
son as the system. The fact that we do not perceive the
cat in its most detailed quantum description would be the
responsible for the disappearance of quantum features.
The main message is that our not so good, blurry de-
scription of the world may have central hole in the fact
that we did not observe quantumness in our daily lives.
Our work confirms our intuition of the death of quantum
correlations due to the lack of access to all system’s de-
grees of freedom and shed some light on a way to attack
the quantum measurement problem [12].
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Appendix A
First part: normalization factors. The expressions for the normalization factors n1(N), n2(N) and n3(N) in
equation 6 are given by
n1(N) =
{ N
3
∑
k=0
N−k
∑
n= 2N3 −k
N−n−k
∑
m= 2N3 −n
N!
k!n!m!(N− n− k−m)!
}−1
2
;
n2(N) =
{< 2N3
∑
k> N3
N−k
∑
n= 2N3 −k
< 2N3 −k
∑
m> N3 −k
N!
k!n!m!(N− n− k−m)!
}−1
2
;
n3(N) =
{< 2N3
∑
k> N3
< 2N3 −k
∑
n> N3 −k
N
3 −n
∑
m=0
N!
k!n!m!(N− n− k−m)!
}−1
2
.
(A1)
Second part: complete positivity of ΛCG. In order to show that the coarse graining channel ΛCG is completely
positive, we must show that 〈v|ρCG|v〉 ≥ 0 ∀ |v〉 ∈ H2N .3, with ρΛCG the corresponding Choi matrix of the channel
ΛCG (equation A2).
ρΛCG = (1⊗ΛCG)(|Φ+〉〈Φ+|), with |Φ+〉=
1√
2N
1
∑
i1=0
1
∑
i2=0
...
1
∑
iN=0
|i1i2...iN〉⊗ |i1i2...iN〉 . (A2)
Writing |v〉 = ∑~k,l ck1k2...kN ,l |k1k2...kN , l〉 and 〈v| = ∑~k,l c∗k1k2...kN ,l 〈k1k2...kN , l|, with each element of~k, ki, ∈ {0,1},
l ∈ {1,0,−1} and ∑~k,l |ck1k2...kN ,l |2 = 1,
〈v|ρCG|v〉=∑
~k,l
c∗k1k2...kN ,l 〈k1k2...kN , l|∑
~i,~j
|i1i2...iN〉〈 j1 j2... jN |⊗ΛCG(|i1i2...iN〉〈 j1 j2... jN |) 1
2N
∑
~p,q
cp1p2...pN ,q |p1p2...pN ,q〉 .
(A3)
Acting the coarse graining channel,
〈v|ρCG|v〉= ∑
~k,l,~i,~j,~p,q,m,n
c∗k1...,lcp1...,q 〈k1k2...kN , l||i1i2...iN ,m〉〈 j1 j2... jN ,n||p1p2...pN ,q〉
N (N,m,n)
2N
⇒ 〈v|ρCG|v〉= ∑
~i,~j,m,n
c∗i1...,mc j1...,n
N (N,m,n)
2N
,
(A4)
with each element of ~i, ii, and each element of ~j, ji, ∈ {0,1}, m and n ∈ {1,0,−1} and N (N,m,n) ∈
{1,n1(N),n2(N),n3(N)}, assuming the value 1 when m = n.
We can rewrite 〈v|ρCG|v〉 as
〈v|ρCG|v〉= 1
2N
{∑
~i=~j
|ci1...,1|2+∑
~i=~j
|ci1...,0|2+∑
~i=~j
|ci1...,−1|2}+ ∑
~i,~j,m6=n
c∗i1...,mc j1...,n
N (N,m,n)
2N
. (A5)
Since we are considering the case where the vector |v〉 is normalized, we demand that, ∀|v〉 and ∀N,
1+ ∑
~i,~j,m6=n
c∗i1...,mc j1...,nN (N,m,n)≥ 0, (A6)
or,
1+∑
~i,~j
c∗i1...−1c j1...1 n1(N)+∑
~i,~j
c∗i1...−1c j1...0 n2(N)+∑
~i,~j
c∗i1...0c j1...1 n3(N)
+∑
~i,~j
c∗i1...1c j1...−1 n1(N)+∑
~i,~j
c∗i1...0c j1...−1 n2(N)+∑
~i,~j
c∗i1...1c j1...0 n3(N)≥ 0.
(A7)
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The products of c are the off-diagonal elements in the density matrix |v〉〈v|.The possible values ii and ji can assume in
each sum above are conditioned to the values of m and n, respecting the construction of the coarse graining channel.
For instance, in the first sum, where m =−1 and n = 1, the number of 0’s in the sequence i1...iN must be less or equal
than N
3
and the number of 0’s in the sequence j1... jN must be greater than or equal to
2N
3
. It also means that the number
of terms in each sum in A7 is known.
Notice that
∑
~i,~j
c∗i1...,−1c j1...,1+∑
~i,~j
c∗i1...,1c j1...,−1 = ∑
~i,~j
2 Re[c∗i1...,−1c j1...,1]. (A8)
And that
∑
~i,~j
2 Re[c∗i1...,−1c j1...,1]≥−2∑
~i,~j
|Re[c∗i1...,−1c j1...,1]|. (A9)
Therefore, we demand that ∀|v〉 and ∀N,
1− 2nmín(N){∑
~i,~j
|Re[c∗i1...,−1c j1...,1]|+∑
~i,~j
|Re[c∗i1...,−1c j1...,0]|+∑
~i,~j
|Re[c∗i1...,0c j1...,1]|} ≥ 0, (A10)
where we substitute n1(N), n2(N) and n3(N) by the smallest of them.
Since ∑~k,l |ck1k2...kN ,l |2 = 1 and its number of terms is equal to 3.2N , the sum of modulus in A10 will have no greater
growth with N than if we substitute each term in each sum by 5
3.2N
. Making the replacement, expression A10 becomes
1− f (N)≥ 0. With f (N) a known function of N, since we have expressions A1 and the number of terms in each A10
sums, which are n1(N)
−2, n2(N)−2 and n3(N)−2, respectively. Then, it can be seen that indeed f (N) ≤ 1 ∀N. These
make our demand A7 true.
Third part: apparatus’ effective state. Consider the apparatus’ effective reduced density matrix ρNt = TrS[(1⊗
ΛCG)(|χt〉〈χt |)], given by
ρNt = |c0|2 ΛCG(Rθ ,x |ΨN〉〈ΨN |R†θ ,x)+ |c1|2 ΛCG(R−θ ,x |ΨN〉〈ΨN |R†−θ ,x). (A11)
The evolved total state Rθ ,x |ΨN〉〈ΨN |R†θ ,x = e−i
ω t
N σz⊗~Jx1 |Ψ〉〈Ψ|ei ω tN σz⊗~Jx1 ⊗ ...⊗ e−i ω tN σz⊗~JxN |Ψ〉〈Ψ|ei ω tN σz⊗~JxN can be
written as
[
x x∗c
xc 1− x
]
1
⊗
[
x x∗c
xc 1− x
]
2
⊗ ..⊗
[
x x∗c
xc 1− x
]
N
, (A12)
with subscript c meaning coherence, x ≡ { 1
2
+(− 1
2
+ p)cosθ +
√
p(1− p)sinθ sinφ} and xc ≡ 12{i(1− 2p)sinθ +
2
√
p− p2(cosφ + icosθ sinφ)}. Finding the general 2N × 2N matrix resulting from A12, applying the coarse
graining channel in its elements and inserting the result in A11, not forgetting the contribution coming from
|c1|2 ΛCG(R−θ ,x |ΨN〉〈ΨN |R†−θ ,x), is it possible to get ρNt – we get y from x doing θ →−θ :
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ρNt = |1〉〈1|
(
|c0|2
N
∑
k= 2N3
(
N
k
)
xk(1− x)N−k + |c1|2
N
∑
k= 2N3
(
N
k
)
yk(1− y)N−k
)
+ |0〉〈0|
(
|c0|2
< 2N3
∑
k> N3
(
N
k
)
xk(1− x)N−k +(1−|c0|2)
< 2N3
∑
k> N3
(
N
k
)
yk(1− y)N−k
)
+ |− 1〉〈−1|
(
|c0|2
N
3
∑
k=0
(
N
k
)
xk(1− x)N−k +(1−|c0|2)
N
3
∑
k=0
(
N
k
)
yk(1− y)N−k
)
+ |1〉〈0|n3(N)
(
|c0|2
< 2N3
∑
k> N3
xk
< 2N3 −k
∑
n> N3 −k
xnc
N
3 −n
∑
m=0
(1− x)m(x∗c)N−k−n−m
N!
k!n!m!(N− n− k−m)!
+ |c1|2
< 2N3
∑
k> N3
yk
< 2N3 −k
∑
n> N3 −k
ync
N
3 −n
∑
m=0
(1− y)m(y∗c)N−k−n−m
N!
k!n!m!(N− n− k−m)!
)
+ |1〉〈−1|n1(N)
(
|c0|2
N
3
∑
k=0
xk
N−k
∑
n= 2N3 −k
xnc
N−n−k
∑
m= 2N3 −n
(1− x)m(x∗c)N−k−n−m
N!
k!n!m!(N− n− k−m)!
+ |c1|2
N
3
∑
k=0
yk
N−k
∑
n= 2N3 −k
ync
N−n−k
∑
m= 2N3 −n
(1− y)m(y∗c)N−k−n−m
N!
k!n!m!(N− n− k−m)!
)
+ |− 1〉〈0|n2(N)
(
|c0|2
< 2N3
∑
k> N3
xkc
N−k
∑
n= 2N3 −k
(1− x)n
< 2N3 −k
∑
m> N3 −k
xm(x∗c)
N−k−n−m N!
k!n!m!(N− n− k−m)!
+ |c1|2
< 2N3
∑
k> N3
ykc
N−k
∑
n= 2N3 −k
(1− y)n
< 2N3 −k
∑
m> N3 −k
ym(y∗c)
N−k−n−m N!
k!n!m!(N− n− k−m)!
)
+ |0〉〈−1|n2(N)
(
|c0|2
< 2N3
∑
k> N3
(x∗c)
k
N−k
∑
n= 2N3 −k
(1− x)n
< 2N3 −k
∑
m> N3 −k
xmxN−k−n−mc
N!
k!n!m!(N− n− k−m)!
+ |c1|2
< 2N3
∑
k> N3
(y∗c)
k
N−k
∑
n= 2N3 −k
(1− y)n
< 2N3 −k
∑
m> N3 −k
ymyN−k−n−mc
N!
k!n!m!(N− n− k−m)!
)
+ |− 1〉〈1|n1(N)
(
|c0|2
N
3
∑
k=0
xk
N−k
∑
n= 2N3 −k
(x∗c)
n
N−n−k
∑
m= 2N3 −n
(1− x)mxN−k−n−mc
N!
k!n!m!(N− n− k−m)!
+ |c1|2
N
3
∑
k=0
yk
N−k
∑
n= 2N3 −k
(y∗c)
n
N−n−k
∑
m= 2N3 −n
(1− y)myN−k−n−mc
N!
k!n!m!(N− n− k−m)!
)
+ |0〉〈1|n3(N)
(
|c0|2
< 2N3
∑
k> N3
xk
< 2N3 −k
∑
n> N3 −k
(x∗c)
n
N
3 −n
∑
m=0
(1− x)mxN−k−n−mc
N!
k!n!m!(N− n− k−m)!
+ |c1|2
< 2N3
∑
k> N3
yk
< 2N3 −k
∑
n> N3 −k
(y∗c)
n
N
3 −n
∑
m=0
(1− y)myN−k−n−mc
N!
k!n!m!(N− n− k−m)!
)
.
(A13)
In equation A13, notice that each coherence term involves, in its numerator and denominator, equal sums containing
the factor N!
k!n!m!(N−n−k−m)! , all sums growingwith N. In numerator are also present quantities in absolute values smaller
9
than 1 – they are x, xc, y, (1− x), (1− y) and yc – to powers which, summed up, are of the order of N. This ensures
that for large values of N, i. e. in the limit of a huge measuring apparatus, for instance consisting of moles of atoms,
the coherences vanishes. Not only by the size of the apparatus, but mainly by our coarser description, the inability to
access it in all its degrees of freedom.
10
